Macromolecules 1983, 16, 559-562 559

This work was made possible by the financial help of the
“Piano Finalizzato per la Chimica Fine e Secondaria”,
Consiglio Nazionale delle Ricerche, Italy.

Registry No. Polyethylene, 9002-88-4; polystyrene, 9003-53-6;
isotactic polypropylene, 25085-53-4.

References and Notes

(1) Flory, P. J. J. Chem. Phys. 1949, 17, 303.

(2) Flory, P. J. “Principles of Polymer Chemistry”; Cornell Uni-
versity Press: Ithaca, NY, 1971; Chapters 12, 14.

(3) Allegra, G.; Ganazzoli, F. J. Chem. Phys. 1982, 76, 6354.

(4) Yamakawa, H. “Modern Theory of Polymer Solutions”; Harper
and Row: New York, 1971; Chapter 3.13.

(5) Khokhlov, A. R. J. Phys. (Paris) 1977, 38, 845.

(6) Edwards, S. F. J. Phys. A: Math. Gen. 1975, 8, 1670,

(7) (a) Allegra, G. J. Chem. Phys. 1978, 68, 3600. (b) Allegra, G.;
Ganazzoli, F. Ibid. 1981, 74, 1310.

(8) Flory, P. J. “Statistical Mechanics of Chain Molecules”; In-
terscience: New York, 1969; Chapters 3, 4.

(9) Brandrup, J.; Immergut, E. H., Eds. “Polymer Handbook™;
Wiley: New York, 1975; Chapter IV and references quoted
therein.

(10) Yoon, D. Y.; Flory, P. J. J. Chem. Phys. 1974, 61, 5366.

(11) Flory, P. J.; Chang, V. W. C. Macromolecules 1976, 9, 33.

(12) Walter, E. R.; Reding, F. P. J. Polym. Sci. 1956, 21, 561.

(13) Natta, G.; Corradini, P. Suppl. Nuovo Cimento 1960, 15, 40.

(14) Natta, G. Makromol. Chem. 1960, 35, 94,

(15) Brickner, S.; Malpezzi Giunchi, L.; Allegra, G. Macromole-
cules 1980, 13, 946.

(16) de Gennes, P.-G. “Scaling Concepts in Polymer Physics”;
Cornell University Press: Ithaca, NY, 1979.

(17) Bates, T. W.; Stockmayer, W. H. J. Chem. Phys. 1966, 45,
2351. Macromolecules 1968, 1, 12.

(18) de Gennes, P.-G. J. Phys. (Paris) 1975, 36, 155.

(19) Sanchez, I, C. Macromolecules 1979, 12, 980.

(20) Stephen, M. J. Phys. Lett. A 1975, 534, 363.

(21) Duplantier, B. Saclay Preprint DPhT/81-96, 1981.

(22) Webman, I.; Lebowitz, J. L.; Kalos, M. H. Macromolecules
1981, 14, 1495.

(23) Allegra, G.; Ganazzoli, F., submitted to Macromolecules.

A Theoretical Basis for Viscoelastic Relaxation of Elastomers in

the Long-Time Limit'

John G. Curro*

Sandia National Laboratories, Albuquerque, New Mexico 87185

Philip Pincus

Department of Physics, University of California, Los Angeles, California 90024.

Received July 20, 1982

ABSTRACT: A molecular interpretation of the viscoelastic behavior of elastomers at long times is developed.
This interpretation is based on a model consisting of dangling chain ends (branches) in a cross-linked network
with topological constraints (entanglements). We make use of results by de Gennes for the reptation of a
single branched chain with topological constraints. We then sum over contributions to the relaxation modulus
from a distribution of branch lengths. The distribution function for chain branches was obtained by assuming
that the network was formed from primary molecules due to a random cross-linking process. This leads to
a relaxation modulus having power law dependence on time as in the empirical Chasset and Thirion equation.
The theory also predicts that the parameters in the Chasset and Thirion equation have a cross-link density
dependence which is consistent with available experimental data on natural rubber. Furthermore, the present
treatment predicts that relaxation curves of different cross-link density are approximately superposable along
the log time axis. The shift factor is predicted to have power law dependence on cross-link density, as observed
experimentally by Plazek. Finally, the present theory predicts that the Plazek exponent (x) for the shift factor
is approximately related to the Chasset and Thirion exponent (m) for the relaxation modulus (x ~ 2/m) in
a manner consistent with available experimental data.

Introduction

It is well-known'? that elastomers undergo extremely
long-term relaxation processes as seen in stress relaxation
and creep experiments. Furthermore, the time required
to achieve equilibrium decreases dramatically as the
cross-link density increases. Ferry has suggested?® that the
molecular mechanism responsible for this long-term pro-
cess is the diffusion of chain branches (dangling ends) in
the presence of entanglements. Recently, de Gennes® an-
alyzed the reptation of branched polymers in the presence
of topological constraints. We feel that this approach may
provide a molecular basis for certain empirical relation-
ships which describe the viscoelastic behavior of elastomers
in the terminal relaxation region. The purpose of this
paper, therefore, is to compare these existing empirical
observations with the predictions of the theories for rep-
tation of branched chains.
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Phenomenological Observations

Typical stress relaxation behavior! of elastomers at long
times is shown in Figure 1 for natural rubber. Chasset and
Thirion! recognized that an excellent representation of this
data is given by

E(T) = E.[1+ (t/79)™"] @

for large times ¢, where E(t) is the isothermal relaxation
modulus. E. is the equilibrium modulus, and m and 7,
are material parameters. This relationship holds for tem-
peratures below which no chemical reaction or degradation
occurs during the experiment. In most systems the ex-
ponent m is approximately 0.1. A similar expression also
holds for the time dependence of the creep compliance.?
Equation 1 is an excellent representation of data for many
systems and is sometimes used for estimating the equi-
librium modulus E_ from stress relaxation experiments.

The relaxation behavior is strongly dependent on tem-
perature and cross-link density. Plazek* and Dickie and
Ferry® observed that viscoelastic curves at fixed cross-link
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Figure 1. Stress relaxation data! of Chasset and Thirion on
natural rubber at 30 °C and 50% elongation at various cross-link
densities. The vulcanizates shown have the following cross-link
densities: F, 0.46 X 1074 G, 0.62 X 104 H, 0.80 X 104 [, 1.20
X 1074 J, 1.69 X 1074,

density displayed conventional time-temperature super-
position behavior.2 This implies that only E ., and 7, in eq
1 depend on temperature. Plazek’s results suggest that
7o in eq 1 can be written as

TO(T’V) = TO(TO,VO)aTax (2

where T, and v, refer to the reference temperature and
cross-link density, and a; and a, represent shift factors for
temperature and cross-link density. Plazek* observed a
power law dependence of a, on cross-link density v

a, = w/vp)™* 3

where x ~ 15.

Dickie and Ferry® analyzed their results on natural
rubber by fitting eq 1 to time-temperature master curves
at each cross-link density. They found that not only E.,
and 7, but also m depend on cross-link density.

Theory

Ferry? has speculated that the molecular process asso-
ciated with this long-time behavior is related to the ex-
istence of branched structures in the presence of entan-
glements. These branched structures or dangling ends can
eventually relax to their unperturbed conformations, even
though the network to which they are attached remains
in a state of strain. This process would be expected to be
slow because of the presence of entanglements, which act
as topological constraints.

de Gennes® has studied the reptation of a branched
chain in the presence of fixed obstacles. In his study, de
Gennes considered a branch or dangling chain end of n
units that is permanently attached to a fixed point in
space. Since one end of the chain is fixed, it cannot un-
dergo conventional reptation.> de Gennes argued that the
only way such a chain in a perturbed state can reach its
equilibrium conformation is by retracting its path to the
origin (or branch point). Using this reasoning, de Gennes
showed that the reptation time ¢, for a chain branch to
reach equilibrium depends exponentially on the chain
length n

t, = 7; explan) (4)

where 7, is only weakly dependent on n and « is a material
constant. Furthermore, de Gennes argued? that the com-
ponent of stress o, due to the dangling chain end is pro-
portional to that part (/) of the chain (of n units) which
has relaxed to equilibrium.

o, (t) ~ I(¢) (5)
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Following de Gennes, a crude estimate of the time de-
pendence of [ can be found from eq 4 to be

W=atln(t/7) (6)

It can be observed from experiment (see Figure 1 and eq
1), however, that the relaxation behavior of elastomers is
decidedly not logarithmic. The mechanism by which the
dangling chain end approaches equilibrium can be visu-
alized as a modified reptation process within a constraining
tube. As the chain retraces its path from the free end, {(¢)
of the n segments emerge from the original tube. Since
excluded volume of the chain within the tube is not con-
sidered, the quantity /(t) is independent of chain length
n.
In this investigation, we make a different assumption
than de Gennes’ in eq 5 for the stress component?

o,(t) ~ n-1@) (M

for [ < n. This relation implies that the stress due to a
dangling end of length n is proportional to that part of the
chain which has not relaxed to equilibrium.

In general, we would expect a distribution of chain
lengths n in a real elastomer because of the random nature
of the cross-linking process. The total stress on the net-
work would then be obtained by summing over contribu-
tions from all chain lengths n. At long times, when all
other relaxation processes have relaxed to zero, we can then
write the following expression for the relaxation modulus:

E(t) = E. + kX [n - l(H)]P(n) ®
n=l

where k is a material constant and P(n) is the probability
of having a dangling end of n units.

The probability P(n) can be easily determined for ran-
dom cross-linking of a system of cross-link density » having
p chain segments per unit volume (see Appendix). For the
case of interest, v < p and P(n) is given by

P(n) = g(1 - g)"! (9a)
g=v/p (9b)

If eq 9a is substituted into eq 8, the summation can be
performed to give

E(t) = E.+ (/9)(1- g (10)

If we now substitute eq 6 into eq 10 and make use of the
rubber elasticity® result for the equilibrium modulus, we
obtain after rearrangement (for ¢ «< 1)

E@t) = E.{1 + (t/74)79%] (11)
where the relaxation time 7,, is given by
Tay = Tl(kBTVQ/kp)_a/q (12)

Equation 11 is seen to have the same form as the em-
pirical Chasset and Thirion relation in eq 1. Thus we can
identify the exponent m and rgineq 1 as

m=a/a=v/ap (13)
To = Tay (14)

Discussion

From the preceding arguments, it can be seen that a
dangling chain model leads to an expression for the re-
laxation modulus which has the same form as the empirical
Chasset and Thirion equation. Furthermore, we now have
a theoretical interpretation of the empirical parameters
m and 7, in this equation. We will now compare the
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Figure 2. Parameter m in eq 1 obtained from the creep data®
on various natural rubber samples. The samples shown by circles
are the same as in Figure 1. The other samples have various initial
molecular weights (before vulcanization) as follows: (A) 550 K;
(+) 770 K; (x) 260 K; (O) 230 K. The straight line is drawn
through the circles and the origin.

predictions of the theory with available experimental
data.*5

Cross-Link Density Dependence of m and ;. The
present theory predicts that the parameters m should be
linearly related to the cross-link density ». Furthermore,
eq 12-14 imply that

-m log (t/7,) = log (RgT /kp) + 2 log v (15)

The above equation could be used to test the cross-link
density dependence of 7, provided 7, is known.

Dickie and Ferry® performed long-term creep measure-
ments on well-characterized samples of natural rubber.
They then fitted their results to the analogous expression
to eq 1 for the creep compliance J(t).

1

Jit) = ————— 16
( ) Gm[l + (t/TO)_m] ( )

Equation 16 can be easily derived? from eq 1 for a linear
viscoelastic material in the long-term limit. These workers
indeed found that both 7, and m depend on cross-link
density. Their results for m are shown in Figure 2. Un-
fortunately, the results show considerable scatter as can
be seen in the figure. It should be noted, however, that
most of the natural rubber samples were masticated to
various degrees prior to curing with dicumyl peroxide.®
Each set of symbols in Figure 2 represents samples having
the same initial average molecular weight and distribution.
The data shown by circles in Figure 2 represent the same
samples as studied in ref 1 and were not masticated prior
to curing. Perhaps the different initial molecular weight
distributions are contributing to the scatter in these data.
If one looks only at the samples that were not premasti-
cated (circles), a reasonably good linear fit through the
origin is seen, in accordance with our theoretical prediction.

Figure 3 shows a plot of -m log 74 vs. log » from the
tabulated values of Dickie and Ferry.® As in the previous
figure, we observe substantial scatter in the data. If, as
before, we consider only samples that were not premast-
icated, we find a straight line of slope 2, in accordance with
the theoretical prediction. This plot implies that the
theoretical parameter 7, has a value of approximately 1
s to be consistent with eq 15.

Cross-Link Density Superposition. Plazek* per-
formed creep experiments on the same natural rubber that
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Figure 3. -m log 7, vs. log v for the same samples as in Figure
2. A straight line of slope 2, in accordance with eq 15, is drawn
through the circles. Equation 15 implies that v ~ 1s.

was studied by Chasset and Thirion' and Dickie and
Ferry.’ As mentioned earlier, Plazek observed that his data
at different cross-link densities could be superposed to a
single master curve. The shift factors exhibited power law
dependence on v according to eq 3. On the surface, it
appears that the theoretically and experimentally observed
dependence of the exponent m on cross-link density pre-
cludes a superposition of curves observed by Plazek since
superposition implies that

E(ty) = E(t/a,) 17

If, however, the parameter m is small compared to 1 (m
<« 1), the theoretical relaxation modulus can be shown to
obey eq 17 to a good approximation. This can be seen by
expanding eq 1 in a Taylor expansion about t/7, = 1. For
times ¢ > 15 (~1 s), this expansion can be written as

E® _ 4 iﬂ(%—l) (18)

E, =1 1 7

/ ksTv? \ /™[ TG)D(m) TV
T; —7'1( kp ) —__I‘(m+i) 19)

We now make use of the fact that m <« 1, in which case

eq 19 reduces to
kgTa?p \ /" ‘
71( Bk ) m-@/m+1/i)

kgT \7M/m a/m
71 E v (20)

where we have made use of eq 13 for m. Thus, it can be
seen that 7/ is independent of i provided m is small, and
eq 17 holds.

We can now obtain a theoretical expression for the shift
factor a, in eq 17

» = 7/)/7{ (W)

k TV2 =1/mo(1-vo/v) -2/mg
P Yo

where v, is some reference cross-link density and

where

a
[N

2

mgy = m(l’o)
= ypy/ap (22)

For v close to vy, we recover the power law behavior ob-
served empirically by Plazek*
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a, ~ (v/ve)%mo (23)

Furthermore, we note from eq 23 and 3 that the present
theory predicts an approximate relationship between the
phenomenological exponents m and x.°

x~2/m (24)

Since Plazek? found that x ~ 15, eq 24 implies that m ~
0.13. This is approximately correct, as can be seen from
the range of m values occurring in Figure 2.

Secondary Dangling Ends. It has been pointed out
by Pearson and Graessley’ that dangling chain structures,
which themselves contain dangling ends, can occur in
randomly cross-linked networks. In the present analysis
we neglect these secondary branched structures. As
pointed out by Pearson and Graessley,” the number of
branch points per dangling end approaches zero rapidly
as the cross-link density is increased above the gel point.
Although we have not considered these secondary struc-
tures explicitly in the present analysis, it seems likely that
they would approach their equilibrium conformation in a
similar manner to the primary dangling ends (i.e., by path
retracement).

Conclusions

Building on the work of de Gennes,? we have shown that
a polymer network containing a random distribution of
dangling chain ends leads to a relaxation modulus having
the same form as the phenomenological Chasset and
Thirion equation.! This supports the conjecture of Ferry?
that dangling chain ends lead to extremely long viscoelastic
processes. The present theory predicts a cross-link density
dependence of the Chasset and Thirion parameters m and
7, which appears to be in accordance with experimental
data on natural rubber. Further experiments on other
well-characterized elastomers are clearly needed to dem-
onstrate the generality of the theoretical predictions. The
theory also predicts that for small m (as observed exper-
imentally) viscoelastic curves of different cross-link density
would be superposable along the log time axis. Further-
more, the shift factors approximately obey an empirical
power law relationship seen by Plazek. Finally, the theory
predicts that the phenomenological exponents m and x are
related to each other in a way that is consistent with ex-
periment.
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Appendix

The probability P(n) of having a dangling chain end can
be determined for a randomly cross-linked system. Sup-
pose we have a system of N chains per unit volume and
a monomer density p. The average degree of polymeri-
zation r is then given by r = p/N and the average number
of cross-links per chain s is given by s = v/ N, where » is
the cross-link density. If we consider a given chain, the
first cross-link can occur on r sites. The probability g of
any unit k (1 < & < r) on the chain being cross-linked for
a random process is thus

1 1 1

—+—— .+t ——=
ror-1 r-s+1

i(r +1-Hlx-In(l-s/r)=s/r=v/p (14)
i=1

q=

In eq 1A, we have assumed that the cross-link density v
is much less than the monomer density p (i.e., s < r).

The probability of having a sequence of exactly n units
is then

P(n) = g1 - ¢)"* (2A)

which is the probability of having n — 1 consecutive un-
cross-linked sites followed by a cross-linked site. Equation
2A is identical with eq 9a in the text.
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